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1. INTRODUCTION 
Dual variational principles (sometimes called complementary) have been 
extensively examined and generalized in recent literature. See [7], [2], [9], [13] 
as examples of some recent developments. 
The basic idea was perceived by B. Noble [8], although in specialized fields 
it has been known for some time, See for example, Friedrichs [3], Kato [4], and 
the earlier work of Korn on dual variational principles in elasticity. The principles 
stated in [8], and in a mathematically sophisticated form by Nashed [7], are 
generalizations of Euler-Lagrange equations, or Hamilton’s canonical equations, 
and provide a necessary (but not a sufficient) condition for an extremum of 
certain functionals. In particular, dual variational principles can be formulated 
in terms of a single functional, if that functional has a saddle point. The ideas 
of saddle points-convexity and concavity being expressible in terms of a second 
FrCchet derivatives of the functional. 
The Hamiltonian formalism of Noble (see [8]) demands the existence of a 
Hamiltonian .z?, such that 2 maps elements of a direct product of Hilbert 
spaces Hi and H, smoothly (i.e. Frechet derivatives exist) into W or C, and for 
some vectors ii E HI , fi G H2 , the equations 
are satisfied. 
Then the pair {ii, fi} is the critical point of the Lagrangian functional, 
(l.lb) 
9 = +((T*u, p) + (u, T*p)) - S. 
T is a linear operator T: HI --f H, , domain of T dense in HI . T* is the adjoint 
of T. 
If HI , H, are spaces of functions whose domain is 52 C R, then T, T* may be 
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considered to be formal adjoints of each other and the boundary values of 
functions u, p on 8Q have to be considered in formulating the variational 
principles. 
This aspect shall be ignored here at first, since the ideas introduced here can 
be presented best in the simplest case. The complications due to the behavior 
of functions in HI and H, on a52 can be ignored for the time being, and later a 
treatment suggested for example in [2] can be applied without any significant 
changes. 
The inverse problem of constructing variational principles, given a set of 
differential equations has been considered by Vainberg [12], Nashed [7], Tonti 
[ll]. Tonti classifying differential operators came to the conclusion that no 
variational principles can be constructed for certain classes of equations, for 
example for the equationf(x, 3i”, t) = 0. Similar statements exist concerning the 
dual (or complementary) variational principles. 
In the case of linear operator equations the statement is very simple. The 
operator must be symmetric. In particular the system 
a% 
- = Bp 
Lkl 
(%>, 
a~ Au -= 
ap 
(eA 
defines a dual variational formulation if and only if B = A*. 
This is particularly amazing when one looks for a vector u which solves a 
differential equation of form A*A(u)x + D(u(x)) = f(x), where A, A*, D are 
differential operators, and the order of D is lower than of A*A, but D is not a 
symmetric operator. For example the equation 
- $ + g =f(x, 9 is of that form. 
This equation will serve as an easy example of our scheme of formulation of a 
variational principle. 
2. DUALITY OF OPERATORS 
The obvious duality in mappings between spaces HI and H, is given by the 
adjoint maps. Let us consider the case when HI = Hz = H. We shall consider 
simultaneously the equation (1.2) i.e. 
a% -- 
3x2 
+g=o, XEQ, (1.2a) 
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which can be written as 
A”Au + Du = f, (2.2a) 
and 
AA*v $ D”v = 0, 
where (in this particular case) Dam(u) = Dam(v) = J2, 
(2.2b) 
A*+ a D=z, 
a 
D*z-~. 
II, v, are considered in either L, or LVi*’ setting. 
We formulate a functional L&,, in H x H: where ( , ) is the usual 
(Q x (0, co)) L, product. PI,, = (Au, Av) + (Du, v) - (f, v) whose FrCchet 
derivatives are 
dpll.2, = A*Au + Du -f, 
cYl,2, = A*Av + D*v. (3b) 
Clearly the equations (2a) and (2b) represent the existence of a critical point 
of L&(u, v). To reproduce the Hamiltonian formalism of Noble, we introduce 
the generalized momenta 
s 
*’ = I ’ 
g&2 
*’ = a(Au) ’ 
and the Hamiltonian 
%,, = <P, 9 Av) + (Au, P,) - %z . 
Then 
A = A*p2 - (A*Av + D*v) au 
A = A*p, - (AA% + Du -f) av 
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The vanishing of Lagrangian derivatives 
at a critical point {ti, 6, p, , pa} E (Hr x Ha) @ (HI x Ha) implies that u, v 
satisfy the canonical equations. 
(44 
(4c) 
Conversely starting formally with the system (4a), (4b), (4c), (4d) we could 
introduce the Lagrangian product Zi,s by postulating 
$f.z(% 2)) Pl > PA = XPI 9 Pz> - =%,2 . 
(The usual definitions include the factor 4 in front of all quantities in X1,a 
introduced above. We have ommitted it). 
The system (4a)-(4d) is therefore equivalent to the system 
where 4 is the zero vector. 
Hence a quadruple (a, 6,$, ,$a) satisfying equations (4a-4d) is the critical 
point of the functional Y1,s(u, v, p, , pa). 
In the particular case of equation (1.2) the Lagrangian P1,a is given by 
and the Hamiltonian by 
Hence in this case the generalized momentum has the physical interpretation 
of slope. 
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